BASK DEFINITIONS AND RADICAL CONSTRUCTIONS
Throughout this paper K will denote a commutative associative ring with unit. Algebras, bialgebras, and tensor products over base ring K are considered. The reader is referred to [6, p. 531 for the definition of a bialgebra H over K, and to [6, p. 1531 for the definition of an H-module algebra, except that we do not assume that H-module algebras are necessarily unital. Reference [6] defines these concepts in the case that K is a field, but the same definitions (as well as that of a coalgebra over K) make sense in the general case considered here. For this general approach we will use results from [3, Section 11. To be explicit, A is an H-module algebra if A is a K-algebra which is an H-module with the measuring condition written out as follows. If TV: H @ A -+ A is the measuring of A by H (or action of H on A), we will also write ~(h @ a) = h . a so that the measuring condition reads h . (ab) = &) (hu, . a)(& . 6 ), for all a, b E A, h E H. For more description of the summation notation in the last statement see [6, p. IO] . It is assumed that 1, * a = a for all a E A, where lH is the unit of H. The measuring is called unital if A has a unit element 1 and if h . 1 = c(h)1 for all h E H, where E is the counit of H. Note that H-module algebras are the multiplicative objects in the monoidal category of H-modules.
Let 2' be the category of all associative H-module algebras, where H is a given bialgebra over K. The objects of & are all associative H-module algebras. The morphisms of Z are those algebra homomorphisms v: A --f B, A, B E 2, which are also H-module maps. Such a q will be called an Hhomomorphism. An ideal I of an H-module algebra A is called an H-ideal if the action of H on A leaves 1 invariant. An H-ideal is the same thing as the kernel of an H-homomorphism. In particular, if I is an H-ideal of A, then I is the kernel of the natural H-homomorphism A --+ A/I, where A/I is an H-module algebra via h * (u + I) = (h . a) + I for all h E H, a E A. The sum and intersection of H-ideals are H ideals. The image v,(A) of an Hmodule algebra A by an H-homomorphism IJJ is naturally H-isomorphic to A/I for the H-ideal I = ker q~.
The concept of a module for an A in the category X is made explicit by means of the following definition. DEFINITION 1. Suppose A is an H-module algebra and M is a left Amodule. Then M is a left A, H-module provided M is also a unital left Hmodule (where H is thought of as an algebra), and
for all h E H, a E A, m EM, where dh = x(h) hcl) @ hc2) . If A has a unit, then the A, H-module M is called unital if M is unital as a left A-module. Note that A, H-modules are the multiplicative actions in the monoidal category of H-modules. The A, H-module M is irreducible if AM # 0 and M has no proper nonzero A, H-submodule (i.e., no K-subspace closed under action by iz and H); in addition, if A has a unit then it is further required that M be unital. An H-module algebra A is left H-primitive provided A has a left, A, H-module M which is faithful as an A-module, and irreducible as an A, H-module.
Suppose A is an H-module algebra. The smash product (or semidirect product) i2 # H of A by His the associative algebra consisting of the elements of A @ H (u @h written a #h) with products defined by
If A has a unit IA and the measuring of H on A is unital, then IA # 1, is a unit for A # H. The following notation will be useful. For X C &', G(X) = {A E Z : A has no nonzero H-ideal in X}, '%(X) = (A E Z; A has no nonzero H-homomorphic image in X}.
Given an H-radical &' and A E 2, A is said to be W-radical provided A E 93 and A is said to be W-semisimple provided A E E(W). The H-ideal
is an H-ideal of A, and I E W} is called the W-radical of A. For each A E 2, 9?(A) E 9, A/9(A) E G(W), and B(A) = n {I : I is an H-ideal of A, and A/I E G(g)}.
PROPOSITION 1. Suppose Y _C 2 satisjes the following condition: A E 9' implies every nonzero H-ideal of A has a nonzero H-homomorphic image in 9.
Then (i) '8(Y) is an H-radical; (ii) G(%(9)) is the minimal semisimple class in % containing 9'; (iii) if&! is an H-radicalfor which G(9) >_ 9, then B _C '%2(Y).
Because of (iii) %(Y') is called the upper H-radical generated by 9. Generally, the proofs of the propositions in this section are similar to known proofs in general radical theory, or are otherwise straightforward. In particular, the proof of Proposition 1 resembles [4, Lemma 3, p. 61.
We wish to apply Proposition 1 to the class 9' of all left H-primitive H-module algebras. The condition in the hypothesis of Proposition 2 is verified in Theorem 1 below. Another H-radical of interest is obtained from the (ordinary) Jacobson radical J for associative rings (or K-algebras).
The general procedure is spelled out in the following proposition. PROPOSITION 2. Assume that p is an ordinary radical for associative h7-algebras. Then pH , the class of all H-module algebras whose undercving a(qebra is in p, is an H-radical. If p is strongly hereditary, then pH is a strongly hereditary H-radical.
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As an immediate application of Proposition 3, one gets that JH is a strongly hereditary H-radical. PROPOSITION 4. Suppose g is a hereditary H-radical such that all A E X with A" = 0 are in 9. Then 9 is a strongly hereditary H-radical.
Proof.
Let I be an H-ideal of A E %. It suffices to show that B(I) is an H-ideal of A. Set R = %(I). Then (AR + R)" C R and hence (AR + R)/ R E 9 and (AR + R)/R is an H-ideal of I/R E G(9). Hence (AR + R)/R = 0, i.e., AR C R. Similarly RA C R and thus R = B(I) is an H-ideal of A.
For ordinary radical theory, Proposition 4 can be proved without the assumption that &Y contains all A such that A2 = 0. Whether or not this assumption can be deleted for hereditary H-radicals is left open in this paper. In Section 2, Proposition 4 will be applied to show that & is a strongly hereditary H-radical. The following are important examples of irreducible bialgebras over K.
(1) K a field and H irreducible as a coalgebra.
(2) K not necessarily a field, but H generated as an algebra by P(H) = {h E H : dk = h @ 1 + 1 oh}, the "p rimitive" elements of H. One easily checks in this case that a filtration is provided by setting H, = CT=, P(H)i, 71 = 0, 1, 2 )...) where, by convention P(H)O = Kl, .
(3) H = a(L), the universal enveloping algebra of the Lie algebra L. This is a special case of (2).
If {Hi} is a filtration of the bialgebra H over K, and if we set H,~t = H, n (ker E), H+ = H n (ker E), then one has the following decompositions:
where the sum is direct as K-spaces. As is shown in [3, p. lo], if H is irreducible and h E Hn+, then dh = h @ 1 + 1 @ h + y for some y E CyLi Im(H, 0 H,-J.
Lemma 2 below proves one fact about irreducible bialgebras that will be useful in Section 2. Proof. Let I = {a E A : aM = 01, an ideal of A. It needs to be shown that a E I implies h * a E I for all h E H. Writing, as above H = H+ f Kl, , one can assume h E H+ = (Vito Hi+. This makes h an element of some H,+. If n = 0, then h = 0 and h . a = 0 . a = 0 is in I. The induction assumption is that g . a is in I for all g in Hi+ and for all i less than n. Since H is irreducible one can write where gi , fi belong to subspaces of index less than n. Then for any nz E M, =o-o-0=0, since aM = 0 and gi . a E I for all i by the induction assumption. Therefore, h * a E 1, as claimed.
As a slight generalization note that essentially the same argument shows that if N is an A, H-submodule of M then {a E M : aM C N} is also an H-ideal of A. Also, analogous right-handed versions for the above are true.
MAIN THEOREMS ONE, JH, j(A#H)
The following two basic assumptions on the bialgebra H over K occur frequently in this section:
(1) H is irreducible, (2) H is a flat K-module.
For example, if K is a field then H is flat; if K = 2 then His flat if and only if H is torsion-free.
As a consequence, if A is an associative H-module algebra, and if S is an H-invariant subalgebra of A, then S # His embedded injectively in A # H. Therefore, if I is an H-ideal of A, one can naturally consider I # H as an ideal of A # H, and it is for the sake of this type of application that we assume that H is flat.
Theorem 2 states that f(A) is the intersection of the left H-primitive ideals of A. As expected, an H-ideal P of A is defined to be a left H-primitive ideal provided A/P is left H-primitive;
i.e., P is the annihilator in A of an irreducible left A, H-module.
(Lemma 2 shows immediately that every such annihilator is an H-ideal of A.) THEOREM 2. Assume that H is an irreducible bialgebra over K, and that H is a flat K-module. Then for an H-module algebra A, $(A) = n {P: P is an H-ideal of A and A/P is left H-primitive).
The following lemma establishes one of the sufficient conditions (see Proposition 5). The definition of right H-primitive is the obvious one. The corollary follows easily from the theorem, since J is left or right definable, and makes f symmetrically definable as either the upper H-radical generated by the left H-primitive algebras or as the upper H-radical generated by the right H-primitive algebras. Proof. We show that if a # 1 is in S n (A # 1), then (h . a) # 1 is in S n (A # 1) for all h E H. Write H = H+ + Kl, , H+ = uzo Hi+. It suffices to show (h . a) # 1 E Sn (A# 1) for all h E H+. If h E Ho+ = K+ = 0, then h = 0 and 0 # 1 = 0 is in S n (A # 1). So assume the conclusion is true for all g E H, + for all j less than rz, and let h be in H,+. , Then where gi , fi belong to subspaces of index less than n. Then (1 # h)(a # 1) = &.a)#1 +a#h+C(gi.a)#fi, h h w ic is in S since a # 1 E S and S is an ideal of A # H. Also, each (gi . a) # 1 E S by the induction assumption, so((gi*a)#l)(l#fi) =(g,.a)#fi~S.Also(a#l)(l#h) =a#h~S. Going back to the original expression for (1 # h)(a # l), we get (h . a) # 1 E S n A, finishing the lemma. 
